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SUMMARY

Nonlinear characteristic boundary conditions based on nonlinear multidimensional characteristics are
proposed for 2- and 3-D compressible Navier–Stokes equations with/without scalar transport equations.
This approach is consistent with the flow physics and transport properties. Based on the theory of
characteristics, which is a rigorous mathematical technique, multidimensional flows can be decomposed
into acoustic, entropy, and vorticity waves. Nonreflecting boundary conditions are derived by setting
corresponding characteristic variables of incoming waves to zero and by partially damping the source
terms of the incoming acoustic waves. In order to obtain the resulting optimal damping coefficient, analysis
is performed for problems of pure acoustic plane wave propagation and arbitrary flows. The proposed
boundary conditions are tested on two benchmark problems: cylindrical acoustic wave propagation and
the wake flow behind a cylinder with strong periodic vortex convected out of the computational domain.
This new approach substantially minimizes the spurious wave reflections of pressure, density, temperature,
and velocity as well as vorticity from the artificial boundaries, where strong multidimensional flow effects
exist. The numerical simulations yield accurate results, confirm the optimal damping coefficient obtained
from analysis, and verify that the method substantially improves the 1-D characteristics-based nonreflecting
boundary conditions for complex multidimensional flows. Copyright q 2009 John Wiley & Sons, Ltd.
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1. INTRODUCTION

For computational efficiency and affordability purposes, the use of a sufficiently small compu-
tational domain is often required for flow simulations of physical and engineering interest. This
necessitates the introduction of artificial computational boundaries. In order to obtain an accurate
time-dependent numerical simulation of the flow, spurious nonphysical wave reflections from the
artificial boundary need to be minimized. Several techniques for the creation of artificial computa-
tional boundaries have been developed, namely linearized boundary conditions, absorbing layers,
and nonlinear characteristic boundary conditions. The readers are referred to informative reviews
[1–4] on the subject. In this paper, nonreflecting boundary conditions for nonlinear multidimen-
sional general flows are developed based on a rigorous mathematical technique. The proposed
boundary conditions are consistent to the flow physics and thus minimize the spurious wave
reflections from the artificial boundaries.

The theoretical basis for nonreflecting boundary conditions was set by Engquist and Majda [5, 6].
They developed a systematic pseudo-differential operator technique to exactly annihilate outgoing
waves so as to construct a hierarchy of local nonreflecting boundary conditions for linear systems.
All these local approximations for exact boundary conditions using the polynomial or rational
function approximation, together with other boundary conditions [7, 8], give very accurate solutions
for linearized multidimensional flows, e.g. the classical wave equation. However, there is apparently
no extension for the nonlinear multidimensional flows and, thus, they are not suitable for the
nonlinear multidimensional flows. For the absorbing layer approach, including the techniques of
a perfectly matched layer [9, 10], Freund’s buffer zone [11], and fringe methods [12], modified
governing equations are considered in the adjacent regions of the artificial boundaries, which adds
additional computational costs. Although some of them give good results for specific problems,
they generally have many free parameters, which need to be carefully tuned for new problems in
order to obtain satisfactory solutions. Furthermore, their extension for nonlinear multidimensional
flows are not straightforward and need further investigation. On the other hand, Poinsot and Lele’s
nonlinear 1-D characteristic boundary conditions [13] remain widely used in compressible flow
simulations due to simplicity and robustness and have been proven very useful, although they
generate strong spurious reflections for realistic nonlinear multidimensional flows.

The main idea of Engquist and Majda’s nonreflecting boundary condition is ‘the characteristic
variables corresponding to incoming characteristic curves are constant’ for linearized systems [14].
Hedstrom [14] extended it to the 1-D nonlinear system based on 1-D nonlinear characteristics. This
1-D approximation of characteristic boundary conditions was further extended to multidimensional
Euler equations by Thompson [15, 16]. Poinsot and Lele [13] extended Thompson’s approach to the
multidimensional Navier–Stokes equations and obtain the well-known Navier–Stokes characteristic
boundary conditions (NSCBC). This approach makes the locally 1-D inviscid (LODI) assumption
such that the waves are normal to the artificial computational boundary. The NSCBC has been
extended to multicomponent perfect gas reactive flows by Baum et al. [17] and Moureau et al. [18],
multicomponent real gas mixture by Okong’o and Bellan [19], and generalized coordinates by Kim
and Lee [20, 21]. For the 1-D flows, NSCBC gives the exact boundary conditions. However, for the
nonlinear multidimensional flows, it generates strong spurious wave reflections of pressure, density,
velocity, and temperature from the artificial boundaries, especially for the outflow boundary, where
complex flow structures exist and the nonlinear multidimensional effects are strong. These spurious
wave reflections result from three shortcomings of the LODI approach for the actual nonlinear
multidimensional flows: the use of 1-D characteristics, the consideration of characteristics only
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26 Q. LIU AND O. V. VASILYEV

in the direction normal to the boundary, and the treatment of the transverse derivatives as source
terms without any modification.

Various techniques, mostly in the context of 1-D characteristics, have been proposed to remedy
the above-mentioned shortcomings for multidimensional flows. Nicoud [22] discussed the impor-
tance of the transverse terms for several approaches. Sutherland and Kennedy [23] recognized the
inclusion of the chemical source terms in the LODI approach for reacting flows. This treatment
allows flame propagation through the boundary without drastically affecting the solution on the
interior. Prosser [24, 25] improved LODI approach for low Mach number flows using asymptotic
analysis. Yoo et al. [26] and Yoo and Im [27] improved the LODI approach by incorporating the
transverse terms to the characteristic wave amplitudes and by accommodating a relaxation treat-
ment for the transverse gradient terms. It should be stressed that this approach works only for low
Mach number flows and is invalid for general flows. First, the relaxation treatment is analogous
to the approach of Rudy and Strikwerda [28], which was used to maintain pressure around a
prescribed ambient value. This analogy does not hold for general flows, since the so-called desired
steady value of incoming wave amplitude does not exist any more. Second, the corresponding
relaxation coefficient was determined by the low Mach number asymptotic analysis. However, as
indicated by the authors themselves, the approach of Yoo and Im [27] is far from ideal for high
Mach number flow cases limit due to the inherent low Mach number assumptions. Lastly, there
is no rigorous mathematical and/or physical reasoning in their definition of characteristic wave
amplitudes by incorporating the transverse terms into 1-D characteristic wave amplitudes. This
definition is mainly from the analogy and numerical tests for low Mach number flows. Liu [29]
implemented the LODI approach in the oblique direction successfully for acoustic problems by
implicitly calculating the local acoustic wave propagation direction. However, its straightforward
extension for general flows does not seem to exist.

It is needed to point out that all of the above-mentioned improved methods possess the inherent
limitations of 1-D nonlinear characteristics for multidimensional general flow simulations. In order
to develop a consistent approach for nonlinear multidimensional general flows, it is natural to
explore nonreflecting boundary conditions based on nonlinear multidimensional characteristics.
For the details of the nonlinear multidimensional characteristics, we refer the reader to the classical
computational gasdynamics textbook of Laney [30] and the note by Deconinck [31].

To minimize the spurious reflections for the nonlinear multidimensional flows, the nonlinear
1-D characteristic boundary conditions are extended to those based on nonlinear multidimensional
characteristics. It should be stressed that the previous studies work only in low Mach number limit,
while our approach is valid for general flows. In contrast to the methods mentioned above, our
approach is based on the rigorous mathematical analysis for general flows, which is consistent with
the flow physics. The definition of the characteristic wave amplitudes comes from the rigorous
multidimensional characteristic analysis. Note that the present approach and the method discussed
in References [26, 27] coincide with the low Mach number limit.

The 1-D characteristic analysis is straightforward while the multidimensional characteristic
analysis is complicated but physical. The complexity and numerous free parameters arise for the
multidimensional characteristic analysis. It is well known that the waves behave much differently
in multi-dimensions than they do in one dimension. In 1-D flows, waves can propagate in two
directions, left or right, and thus it is easy to identify the incoming waves. In contrast, waves may
travel in infinite number of directions for multidimensional flows. A simple wave separation can
be done easily for 1-D flows, which becomes impossible for multidimensional flows, since two
Jacobian matrices do not commute and thus are not simultaneously diagonalizable. Characteristic
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variables are constant along characteristics for 1-D flows, which may not be true for multidimen-
sional flows due to source terms. Although the complexity arises for the multidimensional wave
analysis, multidimensional characteristics are consistent with the physics of flows and transport
properties, when the flows are strongly multidimensional. In this paper, the 1-D characteristics
approach is extended to the nonlinear multidimensional characteristic method. This new approach
will be tested for two cases: oblique acoustic propagation and nonlinear wake flows. For the former
case, which is a linear flow, Engquist and Majda’s approach [5, 6] generates very accurate results.
However, since the study of this paper is for nonlinear multidimensional general flows, this case,
together with the latter case, is used to verify that the new approach significantly improves the
nonlinear 1-D characteristic approach for multidimensional compressible general flows.

The rest of the paper is organized as follows. In Section 2, the multidimensional characteristic
analysis is presented, 2-D characteristic boundary conditions are proposed, and optimal damping
coefficients are derived for acoustic waves and general flows using mathematical analysis and phys-
ical argument. Numerical simulations of two benchmark problems on the cylindrical acoustic wave
propagation and the flow around a cylinder generating strong periodic vortices in the wake region
with complex flow structures are discussed in Section 3. Appendices provide other characteristic
boundary conditions for 2- and 3-D flows, reactive flows, and the transport properties.

2. NONREFLECTING BOUNDARY CONDITIONS BASED ON
MULTIDIMENSIONAL CHARACTERISTICS

2.1. Governing equations

The governing nondimensional Navier–Stokes equations for viscous compressible flows are
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� is the density of the fluid, u=(u1,u2,u3) is the velocity, m j =�u j is the mass flux, p is the pres-
sure, �i j is the shear stress tensor, � is the coefficient of temperature-dependent dynamic viscosity
of the fluid, e is the total energy, T is the absolute temperature, and �=cp/cv , Rea=�0c0L/�0 is
the acoustic Reynolds number, and Pr =�cp/k is the Prandtl number. The variables of velocity,
length, time, energy, density, pressure, viscosity, thermal conductivity, and temperature are, respec-
tively, nondimensionalized by the reference speed of sound c0, characteristic length L , L/c0, c20,
the reference density �0, �0c

2
0, the reference viscosity �0, �0cp0 , and the reference temperature T0.
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For efficiency and accuracy purposes, appropriate nonreflecting boundary conditions are required
in addition to the governing equations for a relatively small computational domain.

2.2. Nonlinear multidimensional characteristics

Let us start the discussion of nonlinear multidimensional characteristics for 2-D flow simulations in
a relatively small computational domain �=[xmin

1 , xmax
1 ]×[xmin

2 , xmax
2 ]. The 2-D Euler equations

for primitive variables can be written in the vector form as follows:

�w
�t

+A
�w
�x1

+B
�w
�x2

=0 (4)

where w=(� u1 u2 p)T is the vector of the primitive variables and the Jacobian matrices A and
B are:
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where c=T 1/2 is the normalized local speed of sound. The nonlinear Euler equations can be
rewritten in the most general [30] or limited [32, 33] characteristic forms by using the theory of
characteristics. Note that all of the characteristic forms are mathematically equivalent to the vector
form of Euler equations. These characteristic forms represent the physical interpretation of the
mathematical equations for the nonlinear multidimensional flows. In this paper, one of the simplest
nonlinear multidimensional characteristic forms is considered for simplicity purpose.

Based on the theory of characteristic, the physically relevant simple waves and their orientation
can be determined [32, 33]. This leads to a straightforward and algebraically simple multidimen-
sional characteristic decomposition of four waves: two acoustic waves, one vorticity wave, and one
entropy wave. 1-D wave modelling of classical nonreflecting boundary conditions is inconsistent
with flow physics. In contrast, this multidimensional wave analysis is consistent with the physics
of flows and transport properties, and thus describes the multidimensional flows physically. The
multidimensional characteristic form of Euler equations for an arbitrary unit vector n̂=(nx1,nx2),
can be written as [30, 32, 33]:

�v1

�t
+k1 ·∇v1=−c(nx2,−nx1) ·∇v3 (5)

�v2

�t
+k2 ·∇v2=0 (6)

�v3

�t
+k3 ·∇v3=−1

�
(nx2,−nx1) ·∇ p (7)

�v4

�t
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where the characteristic variables are defined as

dv1=−n̂·du+ 1

�c
dp, dv2=d�− 1

c2
dp (9)

dv3=(nx2,−nx1) ·du, dv4= n̂·du+ 1

�c
dp (10)

and the vector characteristic velocities (eigenvalues)

k1=u−cn̂, k2=u, k3=u, k4=u+cn̂ (11)

To avoid confusion, more details on multidimensional characteristics need to be explained here. As
in the 1-D characteristic form, dvi denotes the variation of vi . However, in general, the differential
Equations (9) and (10) for the characteristic variables are not fully analytically integrable, because
� and c are not constants. Although the characteristic variables vi are not always analytically
defined, their variations dvi are defined. This means that no ordinary differential equation governs
the characteristic variable along the characteristic line or surface and, thus, one cannot simply
integrate the ODE along the characteristic line or surface to obtain the characteristic variables.
Therefore, the variations of the characteristic variables are considered and the coupled partial
differential equations must be integrated instead.

To obtain the appropriate nonreflecting boundary conditions, the problem becomes how to
analyze the four waves separately. It is easy to handle entropy, vorticity, and transport waves as
discussed in Appendix A.3, because they are convected by the known velocity u. In contrast, it is
rather complicated to analyze the two acoustic waves. Actually, most of the spurious reflections
stem from these two waves because it is difficult to mimic these two physical waves at the artificial
boundaries. Theoretically, the local direction of the acoustic waves can be determined by solving
(nx2,−nx1) ·∇v3=0. However, in practice, this process introduces complications and, for general
flows, it is impossible to find any direction to satisfy the condition (nx2,−nx1) ·∇v3=0. The source
term can be rewritten in the quadratic form
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�x1
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�x2

)
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]
︸ ︷︷ ︸

�i j

[
nx2

nx1

]
(12)

where the shear-strain rate is defined as �i j = 1
2 (�ui/�x j +�u j/�xi ). Note that both tensors �i j and

�i j are symmetric and they share the same set of real eigenvalues. The symmetry also implies that
there is a set of principal axes. The local direction of the acoustic waves can be determined only if
the matrix has both positive and negative eigenvalues. However, for general flows, (nx2,−nx1) ·∇v3
is the positive definite or negative definite if the eigenvalues of the matrix are positive or negative,
respectively. This means that the shear-strain rate contracts or expands in both the principal axes.
Therefore, for general compressible flows it is not always possible to determine the local direction
of the acoustic waves that completely eliminates the source terms.

Note that all the scalar transport properties, such as vorticity, discussed in Appendix A.3,
have relatively small reflection by using either the 1-D or the multidimensional characteristic
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boundary conditions. The reason is that the acoustic source term does not appear in their
governing equations and, although there is spurious velocity reflection, the scalar properties are
convected out of the computational domain with modified convection velocity. In contrast, the
acoustic source term does appear in the governing equations of density, pressure, temperature,
and velocity. Therefore, the LODI approach with inherent 1-D characteristics generates strong
spurious reflections for them. So, the key to mimic the physical phenomena and minimize the
spurious reflection from the artificial boundaries is to properly modify the source term (nx2,−nx1) ·∇v3 and obtain the effective source term in addition to the multidimensional characteristic
approach.

2.3. 2-D Characteristic boundary conditions

Without loss of generality, let us consider the right boundary condition at x1= xmax
1 . Since the

normal unit vector n̂ is arbitrary, a simple n̂=(1,0) can be reasonably chosen for the outflow
boundary. This selection makes the formulation simple and identifying the incoming and outgoing
waves easy. Then, the above formulations reduce to

�v1

�t
+k1 ·∇v1=−c

�u2
�x2

(13)

�v2

�t
+k2 ·∇v2=0 (14)
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�v4
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dp, dv2=d�− 1

c2
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�c
dp (17)

and the vector characteristic velocities (eigenvalues)

k1=(u1−c,u2), k2=(u1,u2), k3=(u1,u2), k4=(u1+c,u2) (18)

The left-hand sides of this characteristic form are the waves along the characteristics. The right-
hand sides are the source terms. When dealing with the source terms, Thompson [15, 16] just put
them into the equation without any modification.

Owing to the source terms, the characteristic variables may not be constant along character-
istics. This means that for the incoming waves in the outflow boundary, 	1 ·∇v1 is nonzero for
multidimensional flows and as a consequence cannot be determined, mainly because it comes from
unavailable incoming waves. However, its effective contribution can be modeled with an optimal
coefficient for the transverse term. Equivalently from the mathematical viewpoint, if 	1 ·∇v1 is set
to zero as usual, only part of the source term c�u2/�x2 effectively contributes to the term �v1/�t .
Thus, in order to obtain appropriate nonreflecting boundary conditions, the source terms of the
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incoming acoustic wave must be partially damped as follows:

�v1

�t
+k1 ·∇v1=−
−

1 c
�u2
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(19)
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+k2 ·∇v2=0 (20)
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Nonreflecting boundary conditions are obtained by setting the corresponding damping coefficient to
unity for outgoing waves while for incoming waves, setting the corresponding damping coefficient
to some value between zero and unity and the magnitudes of incoming waves to zero. This
approach is consistent with the fact that only part of the source terms effectively contribute to
the characteristic variables along the characteristics for incoming waves. Therefore, the key part
of the proposed approach becomes how to set the damping coefficients for incoming waves. For
the oblique plane acoustic waves, their optimal values are analyzed in details in Section 2.4
and numerically verified in Section 3.1. For general flows, their optimal values are estimated in
Section 2.5 from a physical viewpoint and numerically tested in Section 3.2 for a flow around a
cylinder with strong shedding vortices.

2.4. Acoustic plane wave analysis

All 1-D characteristic boundary conditions are exact for the normal waves. However, a strong
reflection can be seen for the case of oblique waves due to the inherent 1-D wave modelling. For
practical flow simulations, the method should have only slight reflection for a wide spectrum of
angles of incidence. In this section, the plane wave propagation is analyzed in the context of the
proposed scheme. Since, in this case, exact solutions exist for the physical domain, an exact 
−

1
value for an angle of incidence and an optimal 
−

1 value for a range of the angles of incidence
can be obtained analytically. The rigorous analysis is used to demonstrate the critical roles that
the multidimensional characteristics and optimal coefficients play in our approach. Without loss
of generality, the right boundary at x1= xmax

1 is used to illustrate the analysis. For acoustic wave
propagation problems, the acoustic wave dominance is assumed.

2.4.1. Exact solution in the physical domain. The governing equations of acoustic wave propaga-
tion problem in the physical domain can be derived by linearizing Equations (13)–(16) around the
mean flow with velocity (M,0), where M<1 is the inflow Mach number. The resulting linearized
Euler equation is

�v1

�t
+(M−1,0) ·∇v1=−�u2

�x2
(23)

�v2

�t
+(M,0) ·∇v2=0 (24)
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�v3

�t
+(M,0) ·∇v3= �p

�x2
(25)

�v4

�t
+(M+1,0) ·∇v4=−�u2

�x2
(26)

where

dv1=−du1+dp, dv2=d�−dp, dv3=−du2, dv4=du1+dp (27)

Note that all of these variables are perturbation quantities and the normalized local speed of sound
c=1.

The plane acoustic wave has the exact solution of the general form

�= p, u1=cos�p, u2=sin�p (28)

where the perturbation pressure p is an arbitrary function of �,

�= t− l̂ ·[x−(M,0)t]=(1+M cos �)t−cos �x1−sin �x2 (29)

the unit vector l̂=(cos �,sin �) represents the plane wave propagation direction, �∈[−�/2,�/2]
or [−90◦,90◦] is the angle of incidence for the outgoing wave, and x=(x1, x2) is the position
vector. Note that this exact solution satisfies Equations (23)–(26) in the physical domain, which
can be verified by directly substituting them into the linearized Euler equation.

2.4.2. Nonreflecting boundary conditions. For the artificial boundary at x1= xmax
1 in the computa-

tional domain, nonreflecting boundary conditions are solved. These nonreflecting boundary condi-
tions come from the linearized Euler Equations (23)–(26) by just modifying the first equation
representing a incoming wave. By setting the magnitudes of the incoming waves to zero, the first
equation reduces to:

�v1

�t
+
−

1
�u2
�x2

=0 (30)

It has been mentioned that the exact solution satisfies Equations (24)–(26). However, the exact
solution does not satisfy the modified equation for any incident angle if a specific 
−

1 is used.
Thus, the error arises from this modified equation. If these solutions satisfy the modified equation
exactly, then nonreflecting boundary conditions yield the exact solution. Therefore, it is useful to
analyze the modified equation for the exact solution.

2.4.3. Exact damping coefficient for an incident angle. Substituting the exact solution into the
left-hand side of the modified equation yields

�v1

�t
+
−

1
�u2
�x2

= A
dp

d�
(31)

where the amplification factor

A(M,
−
1 ,�)=(1−cos �)(1+M cos �)−
−

1 sin2 � (32)
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Note that the amplification factor A is symmetric with respect to �, i.e. A(M,
−
1 ,−�)=

A(M,
−
1 ,�). In general, the amplification factor is not zero, which means the modified equation

generates some error.
An exact damping coefficient can be found for a specific incident wave by solving A=0. The

corresponding exact damping coefficient becomes


−
1 = (1−cos �)(1+M cos �)

sin2 �
= 1+M cos �

1+cos �
=M+ 1−M

1+cos �
(33)

This implies that the exact damping coefficient is different for different angles of incidence
of a plane wave with an arbitrary shape and that, for all angles of incidence �∈[−�/2,�/2],

−
1 ∈[(1+M)/2,1]. This narrow band of the exact damping coefficient is verified in Figure 1 for

different mean flows. The narrow band suggests that it is possible to choose a certain value in the
middle of the range such that the error is minimized. Particularly, when M is large, the range is
very narrow and thus the value can be easily determined.

For simplicity in the numerical simulation, a fixed damping coefficient 
−
1 can be used for all

incident angles. For this fixed value, it is useful to consider the corresponding magnitude of ampli-
fication factor A. Figure 2 shows the errors for respective (M,
−

1 )=(0,0.6), (0.2,0.75), (0.6,0.9),
and (0.8,0.96) for different angles. It suggests that the error is very small in a very large range. For
example, (M,
−

1 )=(0,0.6), (0.2,0.75), (0.6,0.9), (0.8,0.96) gives good results for [−60◦,60◦],
[−70◦,70◦], [−80◦,80◦], and [−90◦,90◦], respectively.

2.4.4. Optimal damping coefficient for a range of incidence angles. In some physical and numerical
problems, most or all of the waves have angles of incidence between zero and a maximum value
�m . It is sufficient to minimize reflections for these incident waves. To find the optimal damping
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Figure 2. Amplification factor for different M and 
−
1 values.

values, the following least-square error need to be minimized:

I (
−
1 ,M,�m) =

∫ �m

−�m
[(1−cos �)(1+M cos �)−
−

1 sin2 �]2 d�

= 2
∫ �m

0
[(1−cos �)(1+M cos �)−
−

1 sin2 �]2 d� (34)

where �m is a prescribed parameter. Taking the derivative �I/�
−
1 =0 gives the corresponding

optimal 
−
1 value for this optimization problem


−opt
1 (M,�m)=

∫ �m
0 (1−cos �)(1+M cos �)sin2 �d�∫ �m

0 sin4 �d�
(35)

which reduces to


−opt
1 = (4−M)�m−2 sin(2�m)− 8

3 (1−M)sin3 �m+(M/4) sin(4�m)

3�m−2 sin(2�m)+ 1
4 sin(4�m)

(36)

The optimal 
−
1 values for different angles and some selected M values are shown in the left

column of Figure 3. The corresponding maximum amplification factor can be calculated as

Amax(M,�m)= max
�∈[−�m ,�m ]

|A(M,
−opt
1 ,�)| (37)

The maximum amplification factor for different ranges of angles and for few selected M values
are shown in the right column of Figure 3. The figure can be interpreted in the following two
ways.
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Figure 3. Optimal 
−
1 value (a) and maximum amplification factor and (b).

Consider the situation that waves with angles of incidence between −�m and �m are of interest.
As an example, �m =60◦. Figure 3 can be interpreted using Figure 3(a) and (b) as an example for
M=0. From Figure 3(a), the selection of 
−opt

1 =0.6 can be found for �m =60◦. This means that
small errors are resulted for the reflected waves. Then look up Figure 3(b) for �m =60◦ and find
that the corresponding maximum amplification factor is less than 0.05. For M=0.2, 0.6, and 0.8,
the optimal 
−opt

1 values can be found to be 0.68, 0.84, and 0.92, respectively. The corresponding
maximum amplification factor is 0.035, 0.018, and 0.008, respectively. These maximum errors
may be sufficient for some practical multidimensional flow simulations.

Consider another situation that the maximum amplification factor is prescribed for accuracy. As
an example, Amax=0.05. Figure 3 can be interpreted using Figure 3(a) and (b) as an example for
M=0. From Figure 3(b), �m =60◦ can be found. Then look up Figure 3(a) for �m =60◦ and find
the optimal 
−opt

1 =0.6. For M=0.2, 0.6, and 0.8, the maximum angles �m can be found to be

approximately 68, 75, and 90◦, respectively. The corresponding optimal 
−opt
1 values can be found

to be 0.72, 0.87, and 0.953, respectively.

2.5. General flow analysis

Unlike the plane acoustic waves, the closed-form solution does not exist for arbitrary flows in
general. This difficulty make it impossible to perform the similar rigorous analysis for arbitrary
flows. However, for flows with hydrodynamic waves much stronger than acoustic waves, the
optimal 
−opt

1 =u1/c is proposed where c=T 1/2 is the normalized local speed of sound. This
proposed value is based on analysis in physical viewpoint as follows and in addition on numerical
simulations in Section 3.2.

2.5.1. Nonreflecting boundary conditions. Without loss of generality, the outflow boundary at
x1= xmax

1 is used to illustrate the analysis. The general flows are governed by Equations (13)–(16)
in the physical domain. For the artificial boundary at x1= xmax

1 in the computational domain,
nonreflecting boundary conditions are solved. These nonreflecting boundary conditions come from
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the governing equations (13)–(16) by just modifying the first equation representing an incoming
wave. For supersonic flows, Equations (13)–(16) do not need any modification. For subsonic flows,
Equation (13) needs to be modified. By setting the magnitudes of the incoming wave to zero,
Equation (13) is replaced by

�v1

�t
=−
−

1 c
�u2
�x2

(38)

and the remaining three equations are untouched. The optimal damping coefficient in the modified
equation needs to be set to minimize the spurious reflection.

A mathematically equivalent approach is to consider the sum and difference of the two acoustic
wave Equations (16) and (38). The equivalent equations become

2

�c

�p
�t

=−(u1+c)
�u1
�x1

− u1+c

�c

�p
�x1

−(1+
−
1 )c

�u2
�x2

−u2

(
�u1
�x2

+ 1

�c

�p
�x2

)
(39)

2
�u1
�t

=−(u1+c)
�u1
�x1

− u1+c

�c

�p
�x1

−(1−
−
1 )c

�u2
�x2

−u2

(
�u1
�x2

+ 1

�c

�p
�x2

)
(40)

Owing to the inherent difficulty of analysis for arbitrary flows, we perform the analysis for different
flow regimes: M�1 and (1−M)�1. The rest of this section is used to give some physical
argument for the estimation of the optimal value of 
−

1 .

2.5.2. Lower Mach number flows. For compressible flows, the variations of pressure and velocity
are of O(M2) and O(M) [34], respectively. For lower Mach number flows, orders of all terms in
Equation (39) can be analyzed. The terms (u1+c)�u1/�x1 and (1+
−

1 )c�u2/�x2 are of O(M)

while the rest terms are of O(M2). Hence, the two leading terms (u1+c)�u1/�x1 and (1+

−
1 )c�u2/�x2 need to balance each other.
Equations (1) and (6) give the relation

�u2
�x2

=−�u1
�x1

− 1

�c2
Dp

Dt
≈−�u1

�x1
(41)

since Dp/Dt is of order O(M2). Therefore, the balance gives the optimal damping coefficient


−
1 =u1/c (42)

As expected from this analysis, 
1=u1/c gives good results for the lower Mach number region
M<0.3.
For a low Mach number flow, Yoo and Im [27] performed an asymptotic analysis, yielding the

modified LODI boundary condition for the incoming wave

�v1

�t
=−Mc

�u2
�x2

(43)

This approximation is consistent with the proposed optimal value of 
−
1 =u1/c. However, the

analysis of Yoo and Im is still based on 1-D characteristics and, as a result, numerical simulations
were performed only for a very lower Mach number M=0.05. In this limit, our approach coincides
with the approach of Yoo and Im. As a consequence, the results reported in Reference [27] could
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also serve as quantitative demonstration of the improvement of our approach in the low Mach
number limit. On the other hand, for the high Mach number flows it is hard to differentiate the
acoustic wave from flow field, which in turn could be modified by the spurious waves reflected
from the computational boundaries. Therefore, it is hard or even impossible to provide unbiased
quantitative measure of the spurious wave reflection for high Mach number flows.

2.5.3. High Mach number flows. For supersonic flows with u1/c>1, Equations (13)–(16) do
not need any modification. When u1/c=1, they are still valid and Equation (39) with 
−

1 =u1/
c=1 exactly describes the flow. Denote the corresponding exact solutions as those with ˆ and
Equation (38) becomes

−�û1
�t

+ 1

�c

� p̂
�t

=−c
�û2
�x2

(44)

For transonic flows with u1/c�0.7 the variables can be decomposed as

u1= û1+�u∗
1+O(�2), u2= û2+�u∗

2+O(�2), p= p̂+�p∗+O(�2) (45)

where ��1. Substituting Equation (45) into Equation (38) yields

−(1−
−
1 )c

�û2
�x2

=�
�u∗

1

�t
− �

�c

�p∗

�t
−�
−

1 c
�u∗

2

�x2
(46)

Since the right-hand side is of O(�), 1−
−
1 =O(�), which suggests that either 
−

1 =u1/c or 
−
1 =M

can be used for the damping coefficient.

2.5.4. General subsonic flows. The above two cases suggest that 
−
1 =u1/c can be used as optimal

damping coefficient for general subsonic flows. This assumption was verified only numerically as
discussed in Section 3.2. In addition, some physical insights can be obtained by considering an
alternative form of Equations (39) and (40)

2

�c

�p
�t

=−(u1−
−
1 c)

�u1
�x1

−(u1+c)
1

�c

�p
�x1

−u2

(
�u1
�x2

+ 1

�c

�p
�x2

)
+ 1+
−

1

�c

Dp

Dt
(47)

2
�u1
�t

=−(u1+
−
1 c)

�u1
�x1

−(u1+c)
1

�c

�p
�x1

−u2

(
�u1
�x2

+ 1

�c

�p
�x2

)
+ 1−
−

1

�c

Dp

Dt
(48)

where Dp/Dt≈0 for convection dominant flows. The choice 
−opt
1 =u1/c makes acoustic or

source terms partially annihilating each other. When c≈1, 
−
1 =u1 can be used. For simplicity,

the mean flow Mach number M can be used for 
−
1 . However, the numerical solutions in Section 3

demonstrate that 
−
1 =u1/c gives better results.

For low Mach number flows, the proposed approach and that in Reference [27] coincide and, not
surprisingly, result in the same optimal coefficient. For general Mach number flows, however, it is
impossible to derive an optimal coefficient of the form 
−

1 =M using the methodology reported in
Reference [27]. This is clear from the fact that, as already pointed out in Section 3.2 of Reference
[27], the approach of Yoo and Im is not ideal for high Mach number flow cases. They also
used 
−

1 =u1 in some test cases. However, it is only a simple extrapolation from the low Mach
number case. As explained before, this coefficient does not work in high Mach number limit in the
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approach of Yoo and Im and, thus, cannot be derived using any rigorous reasoning. In contrast, in
the proposed approach, the dumping coefficient 
−

1 =u1/c is derived for arbitrary Mach number
and is consistent with the physics of general flows.

Note that the separation of the two cases is a drawback of our approach. However, in many
applications, there is a vast disparity in the magnitude of acoustic waves and convective waves. For
these cases it is sufficient to suppress the convective wave reflections optimally while simultaneously
the acoustic wave reflections partially by using 
−

1 =u1/c. For example, in the outflow boundary
of flows around a cylinder, 
−

1 =u1/c is sufficient for suppressing two kinds of wave reflections
simultaneously. Note that even for the latter partially suppressed part, the proposed approach with

−
1 =u1/c outperforms the LODI approach, which ignores the transverse term and is equivalent

to our approach using 
−
1 =0. The error for the acoustic part can be estimated as follows. If we

use 
−
1 =M≈u1, the amplification factor reduces to A=(1−cos �)(1−M). This suggests that we

get good results for acoustic waves with small incident angles with any mean flows. However,
for acoustic waves with large incident angles, 
−

1 =M≈u1 gives accurate results only when u1 is
close to 1.

On the other hand, if very accurate solutions are needed for acoustic wave dominated or pure
acoustic flows, we have to use the corresponding coefficients for acoustic wave propagations. One
example is the bottom and top boundaries of flows around a cylinder. It should be noted that the
approach in References [26] and [27], which works for hydrodynamic wave dominated low Mach
number flows, generates strong reflections for acoustic wave dominated flows. However, it may
be possible to find a unified approach for both the waves by considering optimal oblique wave
propagation directions. This is under investigation and further work will be described in future
papers.

3. RESULTS AND DISCUSSION

Two benchmark problems are tested for the multidimensional characteristics-based nonreflecting
boundary conditions. One is the acoustic wave propagation problem with various angles of inci-
dence. The other is the flow around a cylinder. The classical LODI approach generates strong
reflections for both the problems. The two benchmark problems are used to illustrate the capabil-
ities of the multidimensional characteristics-based nonreflecting boundary conditions to minimize
the spurious wave reflection from the artificial boundaries for complex multidimensional flows.

3.1. Cylindrical acoustic waves

The acoustic benchmark problem is the free propagation of the cylindrical acoustic waves generated
by localized acoustic sources. This problem is chosen because oblique waves with various angles
of incidence propagate out of the computational domain. The problems of acoustic propagation
out of the computational domain were considered for the Second Computational Aeroacoustics
workshop on Benchmark Problems [35]. In contrast to most of the methods used in the workshop,
which solved the linearized Euler equations, here the compressible Navier–Stokes equations are
solved. For the Euler equations, the benchmark problems have exact analytical solutions [36].
The compressible Navier–Stokes equations are solved for an acoustic Reynolds number Rea=105

with the multidimensional nonreflecting boundary conditions. The time accurate direct numerical
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simulation (DNS) results for the field in the computational domain are compared with the analytical
solution.

The cylindrical acoustic benchmark problem is simulated in a rectangular domain �=[−2,2]×
[−4,4], which is relatively very small so that the simulation is efficient. The initial conditions are
localized pressure perturbations of the Gaussian distribution

p′ =10−3 exp

[
− ln(2)

(
x2+ y2

0.04

)]
(49)

to the spatially uniform field. The corresponding initial conditions for the conservative variables
are of the form

�=1+ p′, e= 1

�(�−1)
+ p′

�−1
, m1=0, m2=0 (50)

Owing to the initial perturbations, a cylindrical acoustic wave forms and propagates toward the
boundaries, which should ideally be transparent to the oblique acoustic waves with various angles
of incidence. The solutions for this benchmark problem are shown in Figures 4–6. To highlight
the difference among the numerical simulations, the same scales are used for Figures 4 and 5.

Figure 4 shows the numerical simulations of the cylindrical acoustic wave snapshots of the
perturbation pressure for 
−

1 =0.6 at three times t=1.0, t=3.0, and t=4.0. The results show that
these new boundary conditions are appropriate for the oblique acoustic waves, because the oblique
acoustic waves, with various angles of incidence, can propagate through the artificial boundaries
without reflections. Figure 6, the time history for the point (−2,2) shows that the time accurate
DNS results match very well with the analytical solutions. The numerical simulations for the value

−
1 =0.6 are in good agreement with the analytical optimal value for the oblique acoustic waves

in Section 2.4.
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Figure 4. Time history of cylindrical acoustic wave propagation for 
−
1 =0.6:

(a) t=1.0; (b) t=3.0; and (c) t=4.0.
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Figure 5. Cylindrical acoustic wave propagation: (a) LODI (t=4.0);
(b) 
−

1 =1.0 (t=4.0); and (c) 
−
1 =0.0 (t=4.0).
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Figure 6. Time history for the point (−2,2).

Figure 5 shows the cylindrical acoustic wave snapshots of the perturbation pressure for the
LODI approach, 
−

1 =1.0, and 
−
1 =0.0 at the same time t=4.0 as that for the last figure in

Figure 4. All of the three cases have strong acoustic wave reflections from the artificial boundaries
for the oblique waves. The reflected acoustic waves either strengthen or weaken the original
acoustic waves near the artificial boundary and propagate into the computational domain to pollute
the solutions. The results show considerable improvement of the multidimensional characteristic
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boundary conditions at 
−
1 =0.6 over the classical LODI approach. For the two 
−

1 values 1.0 and
0.0, it is interesting that they have different phase errors with positive and negative signs, which
can also be obviously observed from Figure 6. In Figure 6, the numerical solutions for 
−

1 =0.6,
which is between 
−

1 =0.0 and 
−
1 =1.0, are transparent to the oblique waves and are in good

agreement with the exact solutions.

3.2. Flow around cylinder

In the second benchmark problem, the 2-D compressible viscous flow around the cylinder is
considered. This problem is chosen because strong vortices, generated behind the cylinder, are
convected downstream and cross the artificial boundaries. The physical flow pattern is that all the
properties, such as pressure, density, temperature, velocity, and vorticity, are convected downstream
without any reflection from the outflow boundary. Then, the numerical simulations can be compared
with the physical flows.

The previous work [13, 19, 37, 38] considered the outflow boundary conditions for the problem
that compressible vortices cross the boundary. The LODI and other approaches generate strong
pressure reflections and distortion without vorticity reflection. Prosser [24] applied the improved
LODI approach to obtain slight pressure reflection and distortion for very low Mach number
flows, when vortices cross the boundary. It is not a surprise that both 1-D and multidimensional
characteristic boundary conditions do not generate the spurious reflection for vorticity. The reason
is that vorticity is a transport variable convected downstream and the acoustic source term does
not appear in its governing equation. Although there is spurious velocity reflection, vorticity is
convected out of the computational domain with modified convection velocity. The details are
discussed in Section 2.2 and Appendix A.3. For the outflow boundaries, Colonius [4] pointed out
that some of the buffer techniques are presently the most accurate approaches. One of them is the
Freund’s zonal approach [11].

The cited previous studies did not consider the cases where multidimensional effects exist without
vortices crossing the outflow boundary. Also, they only discussed the vorticity propagation and did
not consider the velocity reflection. In this benchmark problem, the case with multidimensional
effects, with/without vortex crossing, at the outflow boundary and all properties of velocity,
pressure, density, temperature, and vorticity are studied. Thus, the goal is to mimic the physical
outflow boundary to obtain the appropriate nonreflecting boundary conditions, which are transparent
to all the properties. In the numerical simulations, the Brinkman penalization method for the
compressible flows [39, 40] is applied for the cylinder.

3.2.1. Flow at M=0.2. The 2-D compressible viscous flow around the cylinder at the Reynolds
number Rea=103 and inflow Mach number M=0.2 are considered. The flow is simulated in a
domain�=[−5,10]×[−5,5]with the DNS method for the compressible Navier–Stokes equations.
The numerical solutions for this benchmark problem are shown in Figures 7–12 for the three
cases: 
−

1 =M , LODI, and 
−
1 =0.6 with strong multidimensional effects, with/without vortex

crossing, at the outflow boundary at x1=10 where strong multidimensional effects exist. The
fields of vorticity , transverse velocity u2, pressure p, and temperature T are shown for each
case. To highlight the difference among the numerical simulations, the same scales are used for
all three cases.

First, let us consider the case 
−
1 =0.2 using the multidimensional characteristic boundary condi-

tions. Figure 7 is the instance that a vortex is crossing the outflow boundary. Figure 10 is the instance
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Figure 7. 
−
1 =0.2 for M=0.2: profiles for (a) ; (b) u2; (c) p; and (d) T .
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Figure 8. LODI for M=0.2: profiles for (a) ; (b) u2; (c) p; and (d) T .
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Figure 9. 
−
1 =0.6 for M=0.2: profiles for (a) ; (b) u2; (c) p; and (d) T .
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Figure 10. 
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1 =0.2 for M=0.2: profiles for (a) ; (b) u2; (c) p; and (d) T .
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Figure 11. LODI for M=0.2: profiles for (a) ; (b) u2; (c) p; and (d) T .
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Figure 12. 
−
1 =0.6 for M=0.2: profiles for (a) ; (b) u2; (c) p; and (d) T .
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that a vortex already crossed the outflow boundary, and another vortex is approaching the outflow
boundary. The numerical simulations show that the multidimensional characteristic boundary condi-
tions with 
−

1 =0.2 are transparent to the pressure, density, temperature, and velocity, as well as
vorticity. For this case, all profiles of the pressure, vortex, velocity, and temperature have not
been distorted by the artificial boundary. Thus, this case has appropriate nonreflecting boundary
conditions for a complex multidimensional flow. As a consequence, these solutions can be used as
the reference for the other two cases. Any difference from the solutions for 
−

1 =0.2 is generated
due to the reflection from the outflow boundary.

Second, let us consider the LODI case to find the difference between the 1-D characteristic
approach and the multidimensional characteristic approach. Figure 8 is the instance that a vortex
is crossing the outflow boundary. Figure 11 is the instance that a vortex has already crossed the
outflow boundary and another vortex is approaching the outflow boundary. The figures show that,
whether a vortex crosses the outflow boundary or not, the LODI approach generates stronger
spurious pressure, density, temperature, and velocity reflection from the artificial outflow boundary,
although only slight vorticity reflection is observed. Two strong spuriously generated pressure
spots are observed at the outflow boundary, and the pressure spots are totally distorted. After
the spurious acoustic waves are generated, they are observed to propagate upstream and contami-
nate the numerical solutions. The reason for the strong reflections for the LODI approach is that
this approach uses the inherent 1-D characteristic modelling, but in fact the complex multidi-
mensional flow structures and strong complicated multidimensional effects exist at the outflow
boundary.

Finally, let us consider the case 
−
1 =0.6 to find the role of the damping coefficient. Figure 9

is the instance that a vortex is crossing the outflow boundary. Figure 12 is the instance that
a vortex already crossed the outflow boundary, and another vortex is approaching the outflow
boundary. The figures show that whether a vortex crosses the outflow boundary or not, spurious
pressure, density, temperature, and velocity reflection are generated from the artificial outflow
boundary, although only slight vorticity reflection is observed. Two strong spuriously generated
pressure spots are observed at the boundary, and the pressure spots are totally distorted. After the
spurious acoustic waves are generated, they are observed to propagate upstream and contaminate
the numerical solutions. Although the reflections are similar to those for the LODI case, here they
are weaker, which suggests that the proposed approach improves the LODI approach even using
under-damping effects. The reason for the strong reflections is that this case uses under-damping
effects when only part of the source terms effectively contribute to the characteristic variables
along the characteristics. On the other hand, reflections can be observed for the over-damping
cases, for example, 
−

1 =0.0.
In summary, 
−

1 =M minimizes the spurious wave reflection from the outflow boundary. This
significantly improves the LODI approach. Even using under-damping and over-damping coeffi-
cients, the proposed approach improves the LODI approach. However, it is important to set proper
damping effects for the source terms.

3.2.2. Flow at M=0.6. In order to verify the optimal damping coefficient 
−
1 =u1/c for arbitrary

flows, the 2-D compressible viscous flow around the cylinder at the Reynolds number Rea=400
and another inflow Mach number M=0.6 is considered. The flow is simulated in a domain
�=[−5,10]×[−5,5] with the DNS method for the compressible Navier–Stokes equations. Since
it has already been shown that the proposed approach improves the LODI approach, this test
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problem considers the proper damping coefficient for a different inflow Mach number. The flow
with strong multidimensional effects at the artificial outflow boundary is simulated for three cases:

−
1 =u1/c, 
−

1 =0.2, and 
−
1 =M . Numerical simulations of the fields of steamwise velocity u1,

transverse velocity u2, pressure p, temperature T , and vorticity  at an instantaneous time are
shown in Figures 13–14. To highlight the difference among the numerical simulations, the same
scales are used.

It is important to note that at the outflow boundary the streamwise velocity u1 has a wide range
of values, u1∈[0.35,0.8], as seen in Figure 13(a) for the case 
−

1 =u1/c. Thus, it is critical to set
the proper damping coefficient in order to minimize spurious reflections. Based on results from
analysis, 
−

1 =u1/c is expected to minimize reflections. 
−
1 =M , which is in the middle of the

range, is expected to generate weak reflections. 
−
1 =0.2, which deviates from u1, is expected to

generate stronger reflections. Vorticity fields are shown in Figures 15(a) and 14(a). The results
verify once again that the reflections are minimized for all cases. Vertical velocity fields are shown
in Figures 13(b), 15(b), and 14(b). The results show that the reflections are minimized for all cases.
Next, consider pressure and temperature fields for the three cases.

First, let us consider the case 
−
1 =u1/c using the multidimensional characteristic boundary

conditions in Figure 13. Note that the acoustic waves in the region around x1<2 are generated
by the unsteady shear boundary flow around the cylinder. They are not the spurious reflection
from the artificial boundaries and thus they are unrelated to the proposed approach. The numerical
simulations show that the multidimensional characteristic boundary conditions with 
−

1 =u1/c
are transparent to the pressure, density, temperature, and velocity, as well as vorticity. For this
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Figure 13. 
−
1 =u1/c: profiles for (a) u1; (b) u2; (c) p; and (d) T for M=0.6.
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Figure 14. 
−
1 =0.6: profiles for (a) ; (b) u2; (c) p; and (d) T for M=0.6.
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Figure 15. 
−
1 =0.2: profiles for (a) ; (b) u2; (c) p; and (d) T for M=0.6.
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case, all profiles of the pressure, vortex, velocity, and temperature have not been distorted by
the artificial boundary. Thus, this case has appropriate nonreflecting boundary conditions for a
complex multidimensional flow. As a consequence, these solutions can be used as the reference
for the other two cases. Any difference from the solutions for 
−

1 =u1/c is generated due to the
reflection from the artificial outflow boundary.

Second, let us consider the case 
−
1 =0.2 in Figure 15 and compare it with the case 
−

1 =u1/c.
The figures show that this over-damping case generates strong spurious pressure, density, and
temperature reflection from the artificial outflow boundary. After the spurious acoustic waves are
generated, they are observed to propagate upstream and strongly contaminate the numerical solu-
tions. The reason for the strong reflections is that this case uses over-damping effects when only part
of the source terms effectively contribute to the characteristic variables along the characteristics.

Finally, let us consider the case 
−
1 =M in Figure 14. The figures show that this case generates

weak spurious pressure, density, and temperature reflection from the artificial outflow boundary.
After the spurious acoustic waves are generated, they are observed to propagate upstream and
weakly contaminate the numerical solutions. Although the reflection patterns are similar to those
in the case 
−

1 =0.2, here they are much weaker. This result verifies that it is important to set the
proper damping effects for the source terms.

The numerical simulations confirm that the multidimensional characteristics are critical for the
complex multidimensional flows. They also verify that the acoustic source term (nx2,−nx1) ·∇v3
and its damping coefficient 
−

1 play a very important role. On the one hand, all the transport
properties discussed in Appendix A.3, whose governing equations do not have the acoustic source
term, have relatively small reflection by using either the 1-D or the multidimensional characteristic
boundary conditions. The reason is that the acoustic source term does not appear in their governing
equations and, although there is spurious velocity reflection, the scalar properties are convected
out of the computational domain with modified convection velocity. On the other hand, all the
properties, such as density, pressure, temperature, and velocity, whose governing equations have
the acoustic source terms have strong spurious reflections from the artificial boundaries. The good
results of the new approach can be attributed to two factors. One is that the multidimensional
characteristics better approximate the evolution of multidimensional flow structures and capture
the complex multidimensional effects. The other is that the damping coefficient for the source
term mimics the source terms appropriately for the physical phenomena. The optimal damping
coefficient is suggested to use 
−

1 =u1/c, while 
−
1 =M also gives good results.

4. CONCLUSION

Nonreflecting boundary conditions based on nonlinear multidimensional characteristics has been
proposed for 2- and 3-D compressible Navier–Stokes equations with/without scalar transport
equations. In contrast to the approaches of Prosser [24, 25] and Im et al. [26, 27] in the context
of 1-D characteristics for low Mach number flows, the proposed method is valid for general flows
in addition to acoustic waves. Our approach is based on the rigorous mathematical analysis for
general flows, which is consistent with the flow physics. The definition of characteristic wave
amplitudes comes from the rigorous multidimensional characteristic analysis.

The source terms of the incoming acoustic wave are partially damped to model the effective
contribution of the incoming waves. The acoustic plane wave analysis has been performed to
obtain the optimal damping coefficient for acoustic problems. The optimal value is also estimated
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for general flows from a physical viewpoint. This model is consistent with the physics of flows
and transport properties. Therefore, this new approach significantly minimizes the spurious wave
reflections of pressure, density, temperature, and velocity as well as vorticity from the artificial
boundaries, where strong multidimensional flow effects exist. The proposed method is simple,
robust, and numerically accurate. This numerical accuracy is crucial for the computational aero-
acoustic problems, whose quality of numerical simulations is very sensitive to the appropriate
artificial boundary conditions. The proposed method is tested on two benchmark problems of
cylindrical acoustic waves propagation and the wake flow. These numerical simulations yield
accurate results and verify that the method substantially improves the 1-D characteristics-based
nonreflecting boundary conditions for the complex multidimensional flows.

APPENDIX A

A.1. 2-D characteristic boundary conditions in primitive and conservative variables

For the x1 boundaries, nonreflecting boundary conditions in the characteristic form, Equations
(19)–(22), can be rewritten in the primitive variable form

��

�t
=−X1− 
−

1 +
+
1

2
�

�u2
�x2

(A1)

�u1
�t

=−X3+ 
−
1 −
+

1

2
c
�u2
�x2

(A2)

�u2
�t

=−X4− 1

�

�p
�x2

(A3)

�p
�t

=−X2− 
−
1 +
+

1

2
�c2

�u2
�x2

(A4)

where the convective and isotropic stress terms for the inviscid flows can be decomposed as

X1≡ 1

c2

[
I2+ 1

2
(I4+I1)

]
(A5)

X2≡ 1
2 (I4+I1) (A6)

X3≡ 1

2�c
(I4−I1) (A7)

X4≡I3 (A8)

and wave amplitude variations can be written in the following form:

I1≡�ck1 ·∇v1=(u1−c)

(
�p
�x1

−�c
�u1
�x1

)
+u2

(
�p
�x2

−�c
�u1
�x2

)
(A9)

I2≡c2k2 ·∇v2=u1

(
c2

��

�x1
− �p

�x1

)
+u2

(
c2

��

�x2
− �p

�x2

)
(A10)
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I3≡−k3 ·∇v3=u1
�u2
�x1

+u2
�u2
�x2

(A11)

I4≡�ck4 ·∇v4=(u1+c)

(
�p
�x1

+�c
�u1
�x1

)
+u2

(
�p
�x2

+�c
�u1
�x2

)
(A12)

The above equations for the primitive variables can be transformed to equations for conservative
variables. Substitution of the above Xi expressions into the nondimensional equations result in the
following set of equations at the x1 boundaries for the conservative variables:

��

�t
=−X1− 
−

1 +
+
1

2
�

�u2
�x2

(A13)

�m1

�t
=−u1X1−�X3− 
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1 +
+
1

2
�u1

�u2
�x2

+ 
−
1 −
+

1

2
�c

�u2
�x2

+ 1

Rea

��1 j
�x j

(A14)

�m2

�t
=−u2X1−�X4− 
−

1 +
+
1

2
�u2

�u2
�x2

− �p
�x2

+ 1

Rea

��2 j
�x j

(A15)

�e
�t

= −1

2
u2jX1− X2

�−1
−�u1X3−�u2X4−u2

�p
�x2

+
[
−
−

1 +
+
1

2

(
�c2− p

�−1
+e

)
+ 
−

1 −
+
1

2
�u1c

]
�u2
�x2

+ 1

Rea

�
�x j

(ui�i j )+ 1

ReaPr(�−1)

�
�x j

(
�

�T
�x j

)
(A16)

For the left boundary, 
−
1 =1 and 
+

1 =u1/c. For the right boundary, 
+
1 =1 and 
−

1 =u1/c.

A.2. 2-D characteristic boundary conditions in x2 direction

Similarly, for the x2 boundaries, wave amplitude variations can be written in the following form:

J1=(u2−c)

(
�p
�x2

−�c
�u2
�x2

)
+u1

(
�p
�x1

−�c
�u2
�x1

)
(A17)

J2=u2

(
c2

��

�x2
− �p

�x2

)
+u1

(
c2

��

�x1
− �p

�x1

)
(A18)

J3=u2
�u1
�x2

+u1
�u1
�x1

(A19)

J4=(u2+c)

(
�p
�x2

+�c
�u2
�x2

)
+u1

(
�p
�x1

+�c
�u2
�x1

)
(A20)
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The convective and isotropic stress terms for the inviscid flows can be decomposed as

Y1≡ 1

c2

[
J2+ 1

2
(J4+J1)

]
(A21)

Y2≡ 1
2 (J4+J1) (A22)

Y3≡J3 (A23)

Y4≡ 1

2�c
(J4−J1) (A24)

The following set of equations at the x2 boundaries for the conservative variables are solved:
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+
2

2
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(
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)
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+
2

2
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]
�u1
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+ 1

Rea

�
�x j

(ui�i j )+ 1

ReaPr(�−1)

�
�x j

(
�

�T
�x j

)
(A28)

A.3. Extension to scalar transport properties

The multidimensional characteristic boundary conditions can be extended to the equations of the
scalar transport properties in the nondimensional form,

��Yi
�t

=− �
�x j

(�Yiu j )+Si , i=1,2, . . . ,m (A29)

where Si are source terms, and the corresponding Euler equations for the primitive variables
become

�Yi
�t

=−u·∇Yi (A30)
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which is also of the characteristic form. Some examples are the vorticity equation, multiple species
equations, and the turbulent kinetic energy equation in the URANS model:

�

�t
=−u·∇+ 1

Rea

�
�x j

(
�

�

�x j

)
(A31)

��Yi
�t

=− �
�x j

(�Yiu j )+ 1

ReaSci (�−1)

�
�x j

(
�

�Yi
�x j

)
+̇i (A32)

��k

�t
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�x j
(�ku j )+ 1

Rea

(
�i j−2

3
�k�i j

)
�ui
�x j

+ 1

Rea

�
�x j

[
(�+�∗�T )

�k
�x j

]
−Rea�
∗k (A33)

From the above characteristic forms, more characteristic variables and corresponding equations
in the characteristic form can be written as

dv4+i =dYi ,
�v4+i

�t
+k4+i ·∇v4+i =0 (A34)

where eigenvalues are k4+i =u. Similar to Hedstrom’s method, the incoming waves and the
outgoing waves can be identified and, correspondingly, the nonreflecting boundary conditions can
be achieved by setting the magnitudes of the incoming waves to zero. For the x1 boundaries, wave
amplitude variations can be written in the following form:

I4+i ≡k4+i ·∇v4+i =u1
�Yi
�x1

+u2
�Yi
�x2

(A35)

Then, the convective and isotropic stress terms for the inviscid flows can be decomposed as

X4+i ≡I4+i (A36)

and the equations for the scalar-transport properties in conservative variables become

��Yi
�t

=−YiX1− (
−
1 +
+

1 )

2
�Yi

�u2
�x2

−�X4+i +Si , i=1,2, . . . ,m (A37)

A.4. 3-D characteristic boundary conditions

For the x1 boundaries wave amplitude variations can be written in the following form:

I1=(u1−c)

(
�p
�x1

−�c
�u1
�x1

)
+

3∑
j=2

u j

(
�p
�x j

−�c
�u1
�x j

)
(A38)

I2=u j

(
c2

��

�x j
− �p

�x j

)
(A39)

I3=u j
�u2
�x j

(A40)

I4=u j
�u3
�x j

(A41)
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I5=(u1+c)

(
�p
�x1

+�c
�u1
�x1

)
+

3∑
j=2

u j

(
�p
�x j

+�c
�u1
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(A42)

I5+i =u j
�Yi
�x j

(A43)

Then the convective and isotropic stress terms for the inviscid flows can be decomposed as

X1≡ 1

c2

[
I2+ 1

2
(I4+I1)

]
, X2≡ 1

2
(I4+I1) (A44)

X3≡ 1

2�c
(I4−I1), X4≡I3, X5≡I4, X5+i ≡I5+i (A45)

and the nonreflecting boundary conditions are achieved by solving the equations for the conservative
variables:
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��Yi
�t

=−YiX1−�X5+i +Si , i=1,2, . . . ,m (A51)

For the left boundary, 
−
1 =1 and 
+

1 =u1/c. For the right boundary, 
+
1 =1 and 
−

1 =u1/c.
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